The construction of permutation trinomials over finite fields attracts people's interest recently due to their simple form and some additional properties. Motivated by some results on the construction of permutation trinomials with Niho exponents, in this paper, by constructing some new fractional polynomials that permute the set of the (q + 1)-th roots of unity in F q 2 , we present several classes of permutation trinomials with Niho exponents over F q 2 , where q = 5 k .
Introduction
Let F q denote the finite field of q = p n elements and F * q denote the multiplication group of F q , where p is a prime and n is a positive integer. A polynomial f ∈ F q [x] is called a permutation polynomial if the associated polynomial mapping f : c → f (c) from F q to itself is a permutation of F q [13] . Permutation polynomials over finite fields have important Nian Li nianli.2010@gmail.com Gaofei Wu wugf@nipc.org.cn 1 applications in cryptography [4, 16] , coding theory [3, 7] , and combinatorial design theory [2] . Thus, it is important to find new permutation polynomials both in theoretical and practical aspects.
Permutation polynomials with few terms especially binomials and trinomials attract people's interest due to their simple algebraic form and additional extraordinary properties [6] . The construction of permutation trinomials over finite fields becomes popular due to a recent work of Ding et al. [1] . Motivated by Ding et al.'s work, Li et al. in [8] presented some new classes of permutation binomials and trinomials over finite fields, and later, Li and Helleseth [10] , Gupta and Sharma [5] and Li et al. [9] independently obtained more permutation trinomials over finite fields from Niho exponents via the fractional polynomial approach. Gupta and Sharma also conjectured in [5] that the two trinomials of the form x 5 (1 + x s(2 k −1) + x t (2 k −1) ) with (s, t) = (3, 4) and (s, t) = (1, 5) are permutation polynomials over the finite filed F 2 2k . As pointed out in [11] , this conjecture already has been confirmed in [9] and [10] up to the equivalence among permutation polynomials. For the known constructions of permutation trinomials from Niho exponents over finite fields with characteristic two, the reader is referred to [11, Table 1 ]. For the odd prime case, very recently, Li et al. [9] constructed two classes of permutation trinomials from Niho exponents over F q 2 for q = 3 k with the form
where r, s, t are integers and c 1 , c 2 ∈ {1, −1}. Further, Li et al. [9] conjectured that
) is a permutation trinomial over F 3 2k for each of the following three cases: 1) (c 1 , c 2 ) = (1, −1) and (r, s, t) = (l(3 k + 1) + 5, 5, −1); 2) (c 1 , c 2 ) = (−1, 1) and (r, s, t) = (l(3 k + 1) + 1, 4, −2); and 3) (c 1 , c 2 ) = (1, −1) and (r, s, t) = (l(3 k + 1) + 1, 2, −2), where l is an integer satisfying certain condition for each case. From a different approach, i.e., by analyzing the quadratic factors of a 5-th and a 7-th degree polynomials respectively, Li [12] settled the above conjecture for case 2) and case 3).
In this paper, we focus on the construction of permutation trinomials over F 5 n from Niho exponents with the form of
where n = 2k, 1 ≤ s, t ≤ 5 k , and c 1 , c 2 ∈ {1, −1}. A positive integer d (always understood modulo p n − 1) is a Niho exponent if d ≡ p j (mod p n 2 − 1) for some j < n [14] . By finding some new classes of fractional polynomials that permute the set of the (5 k + 1)-th roots of unity in F 5 2k , we construct several classes of permutation trinomials of the form (1) over F 5 2k .
New classes of permutation trinomials with Niho exponents
In this section, we present several classes of fractional polynomials that permute the set of the (q + 1)-th roots of unity in F q 2 , then we construct several classes of permutation trinomials of the form (1) by using the following lemma.
Lemma 1 [15, 17, 18] Let p be a prime. Let l, n and d be positive integers such that d|(p n −1).
is a permutation polynomial over F p n if and only if 1) gcd l, p n −1 d = 1, and
permutes the set of d-th roots of unity in F p n .
From now on, we always assume that q = 5 k , where k is a positive integer. For simplicity,
Proof Note that x q+1 2 = ±1. In the following we show that if x q+1
permutes − . Then the conclusion follows from + ∪ − = μ q+1 and + ∩ − =∅.
. Then = ±1. Therefore,
By (2), we get x s 1 x s 2 = −1. Note that x s 1 = y 2s 1 = y q+1 2 +1 1 = ±y 1 and x s 2 = y 2s 2 = y q+1 2 +1 2 = ±y 2 , we obtain y 1 y 2 = ±1, thus x 1 x 2 = y 2 1 y 2 2 = 1, a contradiction with (x 1 x 2 ) s = −1.
By the above analysis, we have that − x s −2
for any x ∈ μ q+1 and then
The result then follows from Lemma 2 and x − q+1 2 = x q+1 2 .
Proof According to Lemma 1, it is sufficient to prove that g 2 
where g 1 (x) is defined as in Lemma 2. Then the conclusion follows from Lemma 2.
Proof We will show that f (x) permutes + . Then g(x) permutes − can be proved in a similar way.
Then y 1
. Let y 2 = uy 1 for some u ∈ μ q+1 .
Since y 1 = 0, then u = 1 or (y 4
.
Since q = 5 k and k is odd, we have (
then it follows that
If
Otherwise, taking the 2-th power on both sides of (3) gives y 4 1 = −1, i.e., x 1 = y 2 1 = ±2, which is a contradiction since ±2 / ∈ μ q+1 . As a result, u = 1, i.e., x 1 = x 2 .
2) If y 1
Since y 1 = 0, then u = −1 or (y 4 1 + 2y 2 1 )u 2 + y 2 1 u + 2y 2 1 + 1 = 0. Suppose that (y 4 1 + 2y 2 1 )u 2 + y 2 1 u + 2y 2 1 + 1 = 0. Notice that the discriminant of (y 4 1 + 2y 2 1 )u 2 + y 2 1 u + 2y 2 1 + 1 is = 2y 2 1 (y 2 1 − 1) 2 , then
Similar as in Case 1), we have
If y 2 1 = 1, then u = −1. Otherwise, taking the 2-th power on both sides of y 2 1 − 1 = ∓2 √ 2y 1 gives y 4 1 = −1, i.e., x 1 = y 2 1 = ±2, which is a contradiction since ±2 / ∈ μ q+1 . As a result, u = −1, i.e., y 1 = −y 2 and x 1 = x 2 .
By the above analysis, we conclude that −x x−2 x+2 2 permutes + .
Proof According to Lemma 1, it is sufficient to prove that g 3 
which means that x = ∓2, a contradiction with x ∈ μ q+1 since ±2 / ∈ μ q+1 . Thus,
. Again by Lemma 3, g 3 (x) permutes − . Then by + ∪ − = μ q+1 and + ∩ − = ∅, we have g 3 (x) =
Corollary 2 Let q = 5 k , where k is an odd integer. Then
is a permutation trinomial over F q 2 .
Proof According to Lemma 1, it is sufficient to prove that g 4 
where the third equal sign holds due to x − q+1 2 = x q+1 2 and g 3 (x) is defined as in Theorem 2. Then, the result follows from that g 3 (x) permutes μ q+1 for odd k due to Theorem 2.
Theorem 3 Let q = 5 k , where k is odd. Then the following trinomials permute F q 2 :
2) x q − x q+1 2 (q−1)+1 + x 2(q−1)+1 .
Proof According to Lemma 1, we only need to show that both g 5 
2 . Therefore, g 5 (x) = x permutes − . The above analysis shows that g 5 
2 . Then, we have
Therefore, g 6 (x) permutes μ q+1 . Similar as the proof of Theorem 3, we have Theorem 4 Let q = 5 k , where k is odd. Then the following two trinomials permute F q 2 : Proof In the following we only prove that g(x) permutes + since the other one can be proved in the same manner. Obviously, if x ∈ + , then −x x+2
Suppose that there exist two different elements x 1 = y 2 1 , x 2 = y 2 2 ∈ + such that −x 1 , then (4y 5 1 + 2y 3 1 )u 3 + (y 5 1 + 2y 3 1 )u 2 + (3y 3 1 + 4y 1 )u + 3y 3 1 + y 1 = 0, i.e., −y 1 (u − 1)((y 4 1 − 2y 2 1 )u 2 + y 2 1 u − 2y 2 1 + 1) = 0.
Since y 1 = 0, then u = 1 or (y 4 1 − 2y 2 1 )u 2 + y 2 1 u − 2y 2 1 + 1 = 0. Suppose that (y 4 1 − 2y 2 1 )u 2 + y 2 1 u − 2y 2 1 + 1 = 0. Notice that the discriminant of (y 4 1 − 2y 2 1 )u 2 + y 2 1 u − 2y 2 1 + 1 is = −2y 2 1 (y 2 1 + 1) 2 , then u = −y 2 1 ± 2 √ 2y 1 (y 2 1 + 1) 2y 2 1 (y 2 1 − 2)
Since q = 5 k and k is even, we have (
Otherwise, taking the 2-th power on both sides of (4), we have y 4 1 = −1, i.e., x 1 = y 2 1 = ±2, which is a contradiction since ±2 / ∈ μ q+1 . As a result, u = 1, i.e., x 1 = x 2 .
, then (y 5 1 + 3y 3 1 )u 3 + (y 5 1 + 2y 3 1 )u 2 + (2y 3 1 + y 1 )u + 3y 3 1 + y 1 = 0, i.e., y 1 (u + 1)((y 4 1 − 2y 2 1 )u 2 − y 2 1 u − 2y 2 1 + 1) = 0. Since y 1 = 0, then u = −1 or (y 4 1 − 2y 2 1 )u 2 − y 2 1 u − 2y 2 1 + 1 = 0. Suppose that (y 4 1 − 2y 2 1 )u 2 − y 2 1 u − 2y 2 1 + 1 = 0. Notice that the discriminant of (y 4 1 − 2y 2 1 )u 2 − y 2 1 u − 2y 2 1 + 1 is = −2y 2 1 (y 2 1 + 1) 2 , then
. Similar as in Case 1), we have (y 2 1 + 1) 2 = ± √ 2y 1 (y 2 1 + 1).
If y 2 1 = −1, then u =
Otherwise, taking the 2-th power on both sides of (y 2 1 + 1) = ± √ 2y 1 , we have y 4 1 = −1, i.e., x 1 = y 2 1 = ±2, which is a contradiction since ±2 / ∈ μ q+1 . As a result, u = −1, i.e., y 1 = −y 2 and x 1 = x 2 .
Therefore, we have that −x x+2
x−2 2 permutes + .
Theorem 5 Let q = 5 k , where k is even. Then the following two trinomials permute F q 2 :
2) x q − x q 2 −q+1 + x q+1 2 (q−1)+1 .
Proof According to Lemma 1, we only need to show that both g 7 
which permutes + by Lemma 4.
Suppose that x ∈ − , i.e., x q+1 2 = −1, then
Again by Lemma 4 one has that g 7 (x) permutes − .
Therefore, we can conclude that g 7 
Therefore, g 8 (x) permutes μ q+1 .
Proof According to Lemma 1, it is sufficient to prove that g 9 
This together with x q+1 = 1 and gcd(3, q + 1) = 1 leads to x = 1, then we have 0 = x + x 2 + 1 = 3, a contradiction. Therefore, 1 + x − x q−1 2 = 0 for any x ∈ μ q+1 . Then we have
. If x ∈ − , i.e., x q+1 2 = −1, then g 9 (x) = x 2 (x −1 +x −2 +1)
permutes μ q+1 due to + ∪ − = μ q+1 and + ∩ − = ∅.
Similar as the proof of Theorem 6, by using Lemma 4, we can construct the following permutation trinomials over F 5 n . Theorem 7 Let q = 5 k , where k is even. Then the following trinomials permute F q 2 :
It is known that the inverse of a Niho exponent, if exists, is again a Niho exponent, and the product of two Niho exponents is still a Niho exponent [4] . Similar as Lemma 4 in [10] , we have the following lemma. The integers s and t written as fractions in Lemma 5 should be interpreted as modulo p k + 1. By Lemma 5, one can obtain lots of permutation trinomials over F 5 n from the permutation trinomials constructed in this section.
In Table 1 , we list all the permutation trinomials of the form (1) constructed in this paper. We denote by (±[s], ±[t]) the permutation trinomial f (x) = x ± x s(5 k −1)+1 ± x t (5 k −1)+1 .
For example, the pair +[1], − 5 k −1 2 means the trinomial x + x 5 k − x 5 k −1 2 (5 k −1)+1 . The "Equivalent Pairs" column in Table 1 is obtained based on Lemma 5.
Conclusion
In this paper, we obtained some new fractional polynomials that permute the set of the (q + 1)-th roots of unity in F q 2 , where q = 5 k , and from which we constructed several classes permutation trinomials over F 5 2k . It should be noted that the results in this paper cannot be generalized to permutation trinomials over F p 2k for general p ≥ 5 since the method employed in this paper cannot be used to analyze the solutions of equations over finite fields with other characteristic. Thus, it is an interesting problem to find permutation polynomials over F p 2k for any odd prime p.
